We prove a new approach for some common fixed point results in complete -metric spaces for weakly increasing self-mappings satisfying ( , )-contractions via the concept of -class functions. An example is also provided.
Introduction and Mathematical Preliminaries
In 1922, Banach [1] proved his classical theorem which asserts suitable conditions ensuring the existence and uniqueness of fixed point of the underlying mapping. Over the last several decades, this theorem has been generalized and improved in various spaces (e.g., [2] [3] [4] [5] [6] ). In 1994, Matthews [7] introduced the notion of a partial metric space and established the Banach contraction theorem in the class of partial metric spaces. Notably, in partial metric spaces, the distance from a point to itself need not be zero. In recent years, several authors proved variant (common) fixed point theorems in partial metric spaces. For more details, see [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
For the sake of completeness, we recall the definition of a partial metric space (in short PMS) which runs as follows.
Definition 1 (see [7] ). A partial metric on a nonempty set is a function : × → + , + := [0, ∞), such that for all , , ∈ ( 1 ) = ⇔ ( , ) = ( , ) = ( , ), ( 2 ) ( , ) ≤ ( , ),
( , ) ≤ ( , ) + ( , ) − ( , ).
A partial metric space is a pair ( , ) such that is a nonempty set and is a partial metric on .
On the other hand, the notation of generalized metric spaces (in short -metric spaces) was introduced by Mustafa and Sims [18] who presented and improved the Banach contraction principle in the class of -metric spaces. The definition of a -metric space is introduced as follows.
Definition 2 (see [18] ). Let be a nonempty set. Then is called a -metric on and ( , ) is called ametric space.
Journal of Function Spaces
Recently, as a unification between partial metric spaces and -metric spaces, Zand and Nezhad [19] defined the concept of a -metric space in the following way.
Definition 3 (see [19] ). Let be a nonempty set. Suppose that
Then is called a -metric on and ( , ) is called a -metric space.
Example 4 (see [19] ). Let = [0, ∞) and define ( , , ) = max{ , , } for all , , ∈ . Then ( , ) is a -metric space. Note that ( , ) is not a -metric space.
Proposition 5 (see [19] ). Let ( , ) be a -metric space. Then for any , , ∈ and ∈ , one has
(iv) ( , , ) ≤ ( , , ) + ( , , ) − ( , , ).
Proposition 6 (see [19] ). Every -metric space ( , ) defines a metric space ( , ), where
for all , ∈ .
Definition 7 (see [19] ). Let ( , ) be a -metric space. A sequence { } is -convergent to ∈ if lim , →∞ ( , , ) = ( , , ).
We may write the above as → .
Thus if → in a -metric space ( , ), then for any > 0, there exists ∈ N such that | ( , , ) − ( , , )| < for all , > .
Proposition 8 (see [19] ). Let ( , ) be a -metric space. Take a sequence { } in and a point ∈ . The following are equivalent:
Definition 9 (see [19] ). Let ( , ) be a -metric space.
(i) A sequence { } is called a -Cauchy if and only if lim , →∞ ( , , ) exists (and is finite).
(ii) A -metric space ( , ) is said to be -complete if and only if every -Cauchy sequence in is -convergent to ∈ ; that is, ( , , ) = lim , →∞ ( , , ). Definition 10 (see [20] ). Let ( , ⪯) be a partially ordered set. Two maps , : → are said to be weakly increasing if ⪯ and ⪯ for all ∈ .
Definition 11. Let ( , ) be a -metric space endowed with a partial order ⪯. Let { } and be in . ( , , ⪯) is said to be regular if → and { } is nondecreasing; then ⪯ for all ∈ N.
Lemma 12 (see [21] ). Let ( , ) be a -metric space. One has the following.
We rewrite the continuity of mappings in -metric spaces.
Definition 13. Let ( , ) be a -metric space and let :
→ be a given mapping. One says that is continuous at ∈ if for every sequence { } converging to in , the sequence { } converges to in . If is continuous at each point ∈ , then one says that is continuous on .
Ansari [22] introduced the class of -functions which covers a large class of contractive conditions. Definition 14 (see [22] ). A mapping : [0, ∞) 2 → R is called a -function if it is continuous and satisfies the following axioms:
(1) ( , ) ≤ for all , ∈ [0, ∞);
(2) ( , ) = implies that either = 0 or = 0.
Mention that any -function verifies (0, 0) = 0. We denote by C the set of -class functions.
Example 15 (see [22] ). The following functions
(2) ( , ) = , where 0 < < 1; Abbas et al. [20] proved the following result.
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Theorem 16 (see [20] ). Let ( , ⪯) be a partially ordered set and let and be weakly increasing self-mappings on a complete -metric space . Suppose that there exist ∈ Ψ and ∈ Φ such that
for all comparable , ∈ , where
where > 0 for = {1, 2, 3, 4} with 1 + 2 + 3 + 2 4 ≤ 1.
Assume either or is continuous, or ( , , ⪯) is regular. Then and have a common fixed point.
Very recently, Barakat and Zidan [13] extended Theorem 16 to the class of -metric spaces where a general contractive condition is considered.
Theorem 17 (see [13] ). Let ( , ⪯) be a partially ordered set.
Let and be weakly increasing self-mappings on a complete
-metric space satisfying
for all comparable , ∈ , where ∈ Ψ, ∈ Φ, and
Assume either or is continuous or ( , , ⪯) is regular. Then and have a common fixed point.
In this paper, we prove a common fixed point result in complete -metric spaces for weakly increasing selfmappings satisfying ( , )-contractions via the concept of -class functions. Some corollaries are also presented for particular cases of the -function. For a given -function, Theorem 17 is reached.
Main Results
First, we introduce an auxiliary lemma as follows.
Lemma 18. Let ( , ) be a -metric space and let { } be a sequence in such that { ( , , +1 )} is decreasing and
If { 2 } is not a -Cauchy sequence, then there exist an > 0 and { }, { } of positive integers such that the following sequences
Proof. Assume that { 2 } is not a -Cauchy sequence. So there exist > 0, and { } and { } of positive integers such that
for all ∈ N. Then
By taking the limit in above inequalities and using (6), we get
On the other hand
Letting → ∞, again using (6) and (9), we obtain
Similarly, we can prove that the remaining sequences tend to as → ∞.
Now, we state and prove our main result in the following way. 
Suppose that one of the following two cases is satisfied:
Then the maps and have a common fixed point.
Proof. Assume that is a fixed point of . Taking = = in (12), we have
where 
Hence we get
We deduce ( ( ( , , ))), ( ( , , )) ≤ ( ( , , )). By a property of the -class , we get ( ( , , )) = 0 or ( ( , , )) = 0. The functions and are in Ψ, so ( , , ) = 0; that is, = ; that is, is a common fixed point of and . Now, if is a fixed point of , similarly we get that is also fixed point of . Let 0 be an arbitrary point of . The pair ( , ) is weakly increasing, so we construct a sequence { } in as follows:
We have ⪯ +1 for all ≥ 0. Now, suppose that ( 2 , 2 +1 , 2 +1 ) = 0 for some ≥ 0. Then 2 = 2 +1 = 2 ; that is, 2 is a fixed point of . Proceeding similarly, we get that 2 is a fixed point of .
From now on, we suppose that ( 2 , 2 +1 , 2 +1 ) > 0 for every ∈ N. Since 2 and 2 +1 are comparable, by (12) ,
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By a property of , this implies that ( ( 2 +1 , 2 +2 , 2 +2 )) or ( ( 2 +1 , 2 +2 , 2 +2 )) = 0, which is a contradiction. Therefore, for all ≥ 0, ( 2 +1 , 2 +2 , 2 +2 ) < ( 2 , 2 +1 , 2 +1 ). Similarly, we may show that ( 2 , 2 +1 , 2 +1 ) < ( 2 −1 , 2 , 2 ) for all ≥ 0. We deduce that for all ≥ 0
So the sequence { ( +1 , +2 , +2 )} is decreasing. Then there exists ≥ 0, such that lim →∞ ( +1 , +2 , +2 ) = .
We claim that = 0. We have
Recall that
As → ∞, by continuity of , , and , we get
By a property of , we get ( ) = 0 or ( ) = 0; that is, = 0. We conclude that
We shall show that { } is a -Cauchy sequence. Suppose that { 2 } is not a -Cauchy sequences. By (12),
Hence ( ) ≤ ( ( ), ( )). We deduce that ( ) = 0 or ( ) = 0, which is a contradiction. This proves that { 2 } is a -Cauchy sequence and hence { } is a -Cauchy sequence. By -completeness of , there exists ∈ such that { } converges to as → ∞.
Now, we will distinguish the cases (i) and (ii) of Theorem 19.
(i) Without loss of generality, suppose that is continuous. Since 2 +1 → , we obtain that 2 +2 = ( 2 +1 ) → . But as 2 +2 → (as a subsequence of { }), it follows that = . From the beginning of the proof, we get = = . The case that is continuous is treated similarly.
(ii) Suppose that ( , , ⪯) is regular. We know that sequence { } is nondecreasing and → in ; then by regularity of ( , , ⪯), 2 +1 ⪯ for all ∈ N. By (12)
where
By taking the limit as → ∞, we have lim →∞ ( 2 , , ) = ( , , ). Thus
Similarly, we may get ( , , ) = 0 and so = = .
Now, we provide some corollaries from our obtained result given by Theorem 19. First, putting ( ) = in Theorem 19, we obtain the following. 
where > 0 for = {1, 2, 3, 4} with 1 + 2 + 3 + 4 ≤ 1.
Assume either or is continuous or ( , , ⪯) is regular. Then and have a common fixed point.
The above corollary is the -metric space version of Theorem 16 via the -class function , except that is taken in addition to the fact that it is continuous in [0, ∞) (with respect to the conditions on in Theorem 16). If we set ( ) = in Corollary 21, we get the following. 
for all comparable , ∈ , where 0 < < 1. Assume either or is continuous or ( , , ⪯) is regular. Then and have a common fixed point.
We provide the following example illustrating Theorem 19.
Example 26. Let ( , ) = /(1 + ) for all , ≥ 0. Let = [0, 1] be a set endowed with the partial order ⪯ ⇔ ≤ . Let ( , , ) = max { , , } be a -metric on , given , : → as ( ) = /12 and
It is clear that is continuous on ( , ) and the pair ( , ) is weakly increasing. Take ( ) = 2 and ( ) = for all ≥ 0. We shall prove that, for all , ∈ [0, 1], we have
First, for ∈ [0, 1/2) we have
Now, we will discuss the following two cases. 
Thus ( ( , , ) ) . 
Let us discuss the following two cases. 
We deduce ( ( , , )) = ( ( , , ) ) . 
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